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a b s t r a c t 

In this work, we present a compactly supported radial basis function (CSRBF) based meshfree method to analyse 

geometrically nonlinear flexoelectric nanostructures considering surface effects. Flexoelectricity is the polariza- 

tion of dielectric materials due to the gradient of strain, which is different from piezoelectricity in which po- 

larization is dependent linearly on strain. The surface effects gain prominence as the size of the structure tends 

to nanoscale and so their consideration is inevitable when flexoelectric nanostructures are analysed. First, the 

proposed meshfree formulation is validated and the influence of nonlinear strain terms on the energy conver- 

sion ability of flexoelectric beams made of a non-piezoelectric material like cubic Strontium Titanate is studied. 

Subsequently, the meshfree formulation for nonlinear flexoelectricity is extended to include nonlinear surface 

effects. It is determined that the surface effects can have notable influence on the output flexoelectric voltage of 

nano-sized cantilever structures in the nonlinear regime. 
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. Introduction 

Flexoelectricity is the generation of electric polarization under me-

hanical strain gradient or mechanical deformation due to electric

eld gradient (converse flexo). It is a more general phenomenon than

he linear change in polarization due to stress, known as the piezo-

lectric effect. Flexoelectric polarization is restricted not only to non-

entrosymmetric crystals eventually opening up possibilities for non-

oxic electromechanical materials for biomedical application. 

Piezoelectricity can be characterised by a third rank tensor and is

bserved only in non-centrosymmetric crystals (21 types). In contrast,

exoelectricity can be mathematically defined by a fourth order ten-

or and can be observed in materials of any symmetry (32). The reason

ehind is that the homogeneous strain relies on lack of symmetry of ma-

erials for polarization, on the other hand, the strain gradient can break

he local centrosymmetry of materials inducing polarization. The strain

radient scales with the size of specimen leading to the possibility of sig-

ificant flexoelectric effect at the length scale of nanometers. Piezoelec-

ricity exists only below Curie temperature, while flexoelectricity being

ymmetry independent does not have a temperature constraint [1] . The

igh energy conversion ability of piezoelectric materials makes them the

rominent constituent in several micro [2] and nano-sized [3] energy

arvesters developed. While, the recent researches show the possibil-
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ty of an energy harvester made of non-piezoelectric materials exploit-

ng flexoelectricity [4] . Nanoelectromechanical systems like actuators

5] are fabricated using non-piezoelectric materials like Strontium Ti-

anate and are shown to produce curvature/electric field ratio of 3.33

𝑉 −1 comparable to the ratio of 5.2 𝑀𝑉 −1 in piezoelectric Lead Zir-

onium Titanate bimorph. The flexoelectricity also offers the advantage

f choosing Lead-free materials as constituents in sensors, actuators and

nergy harvesters. 

The theory of flexoelectricity was first identified way back in the

960s by Mashkevich and Tolpygo [6] , followed later by the work of

agantsev [7] in which bulk and surface mechanisms that can cause

olarization due to strain gradient were determined. Meanwhile, Ko-

an [8] made a theoretical estimate of the flexoelectric coefficient to

e of the order of e / a ≈ 10 −9 𝐶∕ 𝑚, where e is the electronic charge and

 is the lattice parameter. The series of experimental works by Cross

nd co-workers [9–11] sparked interest over the potential of flexoelec-

ric materials as a substitute to piezoelectric materials. These experi-

ental studies on ceramics with cubic symmetry like Barium Strontium

itanate (BST) and Barium Titanate (BTO) revealed higher values of

eak flexoelectric coefficients in the range of 50 𝜇C / m . Atomistically,

aranganti et al. [12] determined the flexoelectric coefficients of sev-

ral ferroelectric and non-ferroelectric crystals. Though there is discrep-

ncy between theoretical and experimental flexoelectric coefficients of
niversity, Ho Chi Minh City, Viet Nam. 
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i  
arium Titanate (BTO), the theoretical estimations are of the same or-

er compared to the experimental results of Zubko et al. [13] for Stron-

ium Titanate (STO) crystals. Several works are available in literature

hat presents analytically derived electro-elastic field for nanobeams and

anowires having flexoelectric effect and surface effects [14–16] . Nev-

rtheless, the analytical solutions are applicable only to simplified one-

imensional models and so numerical methods to analyse flexoelectric

tructures are required. 

Conventional finite element method (FEM) cannot be utilised for

nalysing flexoelectric structures as the fourth order partial differen-

ial equations governing flexoelectricity necessitates C 

1 continuity of

isplacement field. Phase field modelling of flexoelectricity in an epi-

axial thin film made of Barium Titanate is presented by Chen et al.

17] , followed by which analysis of a two phase system is performed

18] . Meshfree shape functions offer the advantage of having higher or-

er continuity, making them a favourable class of numerical methods

o analyse flexoelectric structures. A numerical approach to analyse two

nd three dimensional truncated pyramid shaped structure due to flex-

electricity utilising local maximum entropy (LME) meshfree method

s presented by Abdollahi et al. [19,20] . Ghasemi et al. [21] proposed

n IGA formulation exploiting the higher order continuity of NURBS

hape functions. In [22–24] , mixed FE formulations are proposed for

nalysis of two dimensional flexoelectric structures. Though the mixed

E formulation requires only C 

0 continuity, the number of nodal DOFs

equired is much higher. For example, in the flexoelectric element pro-

osed in [22] , degrees of freedom in the corner nodes are two displace-

ent DOFs, four displacement gradient DOFs, one electric potential DOF

nd four Lagrange multiplier DOFs. It is to be noted that in the work of

anthakumar et al. [22] flexoelectric nanobeams with surface effects,

ade of Barium Titanate, are analysed and optimized using the mixed

E formulation. Also there are computational works available in litera-

ure that specifically analyse nanobeams with surface effects [25–27] , in

hich extended finite element method is the numerical method adopted.

he nonlinear electro-elasticity of soft dielectrics combined with flexo-

lectricity is analysed by Yvonnet et al. [28] , adopting finite element

iscretization ( C 

1 Argyris triangular elements) and consistent lineariza-

ions. As a shortcoming the authors have stated that due to instability,

he utilised formulation could not simulate the entire nonlinear range. 

Motivated by all these works on flexoelectricity, in the present work,

 compactly supported radial basis function (CSRBF) based meshfree for-

ulation is proposed to analyse flexoelectric beams subjected to large

eformation considering surface effects. Though there are works avail-

ble in literature on analysing flexoelectric structures using a meshfree

ethod [19,20] , to the best of our knowledge this is the first work on a

eshfree formulation to handle nonlinearity in flexoelectric nanostruc-

ures accounting for surface effects. The meshfree shape functions with

igher order continuity are advantageous compared to complex mixed

E [22] formulations, mainly because the meshfree formulation requires

he discretization of ’only’ displacement and electric potential fields. 

The outline of the paper is as follows: Section 2 presents the gov-

rning equations of flexoelectricity. Section 3 describes the meshfree

ormulation for flexoelectricity including surface elasticity and surface

iezoelectricity. Linearization of the weak form and subsequent mesh-

ree discretization is shown in Section 4 . Finally, numerical examples on

nalysis of two-dimensional flexoelectric structures with surface effects

onsidering geometric nonlinearity are presented in Section 5 . 

. Governing equations of flexoelectricity with surface effects 

The mathematical modeling of flexoelectricity is based on the ex-

ended linear theory of piezoelectricity with additional strain gradient

erms. A general internal energy density function, U involving strain

nergy, electrostatic energy and terms including strain gradient is pre-

ented by Shen et al. [29] . The internal energy density function, U is as
154 
ollows, 

 = 𝑈 𝑏 + 𝑈 𝑠 

 𝑏 = 

1 
2 
𝜺 ∶ 𝐂 ∶ 𝜺 − 𝐄 ⋅ 𝐞 ∶ 𝜺 − 𝐄 ⋅ 𝝁 ⋮ 𝜼 − 

1 
2 
𝑬 ⋅ 𝜿 ⋅ 𝑬 + 

1 
2 
𝜼 ⋮ 𝒈 ⋮ 𝜼

 𝑠 = 𝑈 𝑠 0 + 𝝉𝒔 ∶ 𝜺 𝒔 + 𝝎 

𝒔 ⋅ 𝐄 

𝐬 + 

1 
2 
𝜺 𝒔 ∶ 𝐂 

𝐬 ∶ 𝜺 𝒔 − 𝐄 

𝐬 ⋅ 𝐞 𝐬 ∶ 𝜺 𝒔 − 

1 
2 
𝑬 

𝒔 ⋅ 𝜿𝒔 ⋅ 𝑬 

𝒔 

(1) 

here U b and U s are the bulk and surface energy density functions re-

pectively. U s 0 is the surface free energy density. 𝜺 is the linear strain

ensor, E is the electric field tensor, 𝜺 s and E 

s are their corresponding

urface counterparts. 𝝉s and 𝝎 s are the residual surface stress and resid-

al surface electric displacements respectively. 𝜼 is the strain gradient

ensor. C and C 

s are the fourth order bulk and surface stiffness ten-

ors, e and e s are the third order bulk and surface piezoelectric cou-

ling tensors, 𝜿 and 𝜿s are the bulk and surface dielectric permittivity

ensors respectively. g is the sixth order strain gradient elasticity ten-

or. 𝝁 is the fourth order flexoelectric tensor which represents combina-

ion of (a) strain-polarization gradient coupling and (b) strain gradient-

olarization coupling. 

The physical stress, 𝝈 and electric displacement, D can be obtained

rom the bulk energy density function as, 

𝑖𝑗 = 

𝜕𝑈 𝑏 

𝜕𝜀 𝑖𝑗 
− 

( 

𝜕𝑈 𝑏 

𝜕𝜂𝑖𝑗𝑘 

) 

,𝑘 

= 𝐶 𝑖𝑗𝑘𝑙 𝜀 𝑘𝑙 − 𝑒 𝑖𝑗𝑘 𝐸 𝑘 + 𝜇𝑖𝑗𝑘𝑙 𝐸 𝑘,𝑙 − 𝑔 𝑖𝑗𝑘𝑙𝑚𝑛 𝜂𝑙𝑚𝑛,𝑘 (2)

 𝑖 = − 

𝜕𝑈 𝑏 

𝜕𝐸 𝑖 

= 𝑒 𝑖𝑗𝑘 𝜀 𝑗𝑘 + 𝜇𝑖𝑗𝑘𝑙 𝜀 𝑗𝑘,𝑙 + 𝜅𝑖𝑗 𝐸 𝑗 (3)

he surface mechanical stress, 𝝈s and surface electric displacement, D 

s 

an be obtained from the surface energy density function as, 

𝑠 
𝑖𝑗 
= 

𝜕𝑈 𝑠 

𝜕𝜀 𝑠 
𝑖𝑗 

= 𝜏𝑠 
𝑖𝑗 
+ 𝐶 

𝑠 
𝑖𝑗𝑘𝑙 

𝜀 𝑠 
𝑘𝑙 
− 𝑒 𝑠 

𝑖𝑗𝑘 
𝐸 

𝑠 
𝑘 

(4)

 

𝑠 
𝑖 
= − 

𝜕𝑈 𝑠 

𝜕𝐸 

𝑠 
𝑖 

= − 𝜔 

𝑠 
𝑖 
+ 𝑒 𝑠 

𝑖𝑗𝑘 
𝜀 𝑠 

𝑗𝑘 
+ 𝜅𝑠 

𝑖𝑗 
𝐸 

𝑠 
𝑗 

(5)

he total potential energy, Π can be written in terms of internal energy

n the bulk, Πbulk , internal energy in the surface, Πs and work done by

xternal forces, Πext as, 

= Π𝑏𝑢𝑙𝑘 + Π𝑠 − Π𝑒𝑥𝑡 (6)

here, 

𝑏𝑢𝑙𝑘 = ∫Ω 𝑈 𝑏 𝑑Ω (7)

𝑠 = ∫Γ 𝑈 𝑠 𝑑Γ (8)

𝑒𝑥𝑡 = ∫Γ𝑢 

𝒖 ⋅ 𝒕 𝑑 Γ𝑢 + ∫Ω 𝒖 ⋅ 𝒃 𝑑 Ω − ∫Γ𝜙

𝜙𝑞 𝑑Γ𝜙 (9)

ere, u and 𝜙 denote mechanical displacement and electric potential

espectively. t is the surface traction on Γu , b is the prescribed body

orce and q is the surface charge density on Γ𝜙. Γu and Γ𝜙 are the Neu-

ann boundary for mechanical displacement and electric potential re-

pectively. 

The weak form of the equilibrium equations can be obtained by find-

ng 𝐮 ∈ { 𝐮 = �̄� on 𝚪𝑑 
𝑢 
, 𝐮 ∈ 𝐻 

2 (Ω)} and 𝝓 ∈ { 𝝓 = �̄� on 𝚪𝑑 
𝜙
, 𝝓 ∈ 𝐻 

2 (Ω)}
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uch that 

Π = 0 ⇒

Ω
𝜺 ( 𝛿𝐮 ) ∶ 𝐂 ∶ 𝜺 ( 𝐮 ) 𝑑Ω − ∫Ω 𝜺 ( 𝛿𝐮 ) ∶ 𝐞 ⋅ 𝑬 ( 𝝓) 𝑑Ω

 ∫Ω 𝑬 ( 𝛿𝝓) ⋅ 𝐞 ∶ 𝜺 ( 𝐮 ) 𝑑Ω − ∫Ω 𝜼( 𝛿𝐮 ) ⋮ 𝝁 ⋅ 𝑬 ( 𝝓) 𝑑Ω

 ∫Ω 𝑬 ( 𝛿𝝓) ⋅ 𝝁 ⋮ 𝜼( 𝐮 ) 𝑑Ω − ∫Ω 𝑬 ( 𝛿𝝓) ⋅ 𝜿 ⋅ 𝑬 ( 𝝓) 𝑑Ω

 ∫Ω 𝜼( 𝜹𝒖 ) ⋮ 𝒈 ⋮ 𝜼( 𝒖 ) 𝑑Ω + ∫Γ 𝜺 
𝑠 ( 𝛿𝐮 ) ∶ 𝝉𝒔 𝑑Γ

 ∫Γ 𝑬 

𝑠 ( 𝛿𝝓) ⋅ 𝝎 

𝒔 𝑑Γ + ∫Γ 𝜺 
𝒔 ( 𝛿𝐮 ) ∶ 𝐂 

𝐬 ∶ 𝜺 𝒔 ( 𝐮 ) 𝑑Γ

 ∫Γ 𝜺 
𝒔 ( 𝛿𝐮 ) ∶ 𝐞 𝐬 ⋅ 𝑬 

𝒔 ( 𝝓) 𝑑Γ − ∫Γ 𝑬 

𝒔 ( 𝛿𝝓) ⋅ 𝐞 𝐬 ∶ 𝜺 𝒔 ( 𝐮 ) 𝑑Γ

 ∫Γ 𝑬 

𝒔 ( 𝛿𝝓) ⋅ 𝜿𝒔 ⋅ 𝑬 

𝒔 ( 𝝓) 𝑑Γ = ∫Γ𝑢 

𝛿𝐮 ⋅ �̄� 𝑑Γ𝑢 

 ∫Ω 𝛿𝐮 ⋅ 𝐛 𝑑Ω − ∫Γ𝜙

𝛿𝝓 𝑞 𝑑Γ𝜙

(10) 

or all 𝛿𝐮 ∈ { 𝛿𝐮 = 0 on Γ𝑑 
𝑢 
, 𝛿𝐮 ∈ 𝐻 

2 (Ω)} and 𝛿𝝓 ∈ { 𝛿𝝓 =
 on Γ𝑑 

𝜙
, 𝛿𝝓 ∈ 𝐻 

2 (Ω)} . Γ𝑑 
𝑢 

and Γ𝑑 
𝜙

are the Dirichlet boundary for

echanical displacement and electric potential respectively. 

. Mesh free formulation for flexoelectricity 

The numerical discretization of the governing partial differential

quations of flexoelectricity requires C 

1 continuous basis functions for a

alerkin method. In the present work, we utilize a meshfree method

ith compactly supported radial basis function (CSRBF) shape func-

ions. Popular radial basis functions [30] include the Multi-Quadrics,

aussian and Thin Plate Splines. These radial basis functions are glob-

lly supported and their accuracy highly depends on the condition num-

er of the collocation matrix. However, the collocation matrix will be

 sparse matrix, well conditioned and compactly supported if we adopt

SRBF shape functions. The Wendland type CSRBFs with C 

2 continuity

roposed in [31] is, 

( 𝑟 ( 𝑥, 𝑦 )) = max 
{
0 , (1 − 𝑟 ) 4 

}
(4 𝑟 + 1) ∈ 𝐶 

2 (11)

here r ( x, y ) is given by, 

 𝑖 ( 𝑥, 𝑦 ) = 

𝑑 𝑖 

𝑅 

= 

√
( 𝑥 − 𝑥 𝑖 ) 2 + ( 𝑦 − 𝑦 𝑖 ) 2 

𝑅 

(12)

here d i is the distance of a point of interest ( x, y ) from a knot at ( x i ,

 i ). The dimension of support domain, R is given by 𝑅 = 𝛼𝑑 𝑐 , where 𝛼

s the shape parameter and d c is the average nodal spacing. It is to be

oted that the value of r i lies between 0 and 1. 

An approximation for a general function can be written as 

 

ℎ ( x ) = 𝒇 𝑻 ( x ) 𝒂 + 𝒑 𝑻 ( x ) 𝒃 (13)

here 𝒇 ( x ) and a denote the vector of CSRBF and expansion coefficients

espectively, 

 

𝑻 ( x ) = [ 𝑓 1 ( x ) , 𝑓 2 ( x ) , …𝑓 𝑛 ( x )] (14)

 

𝑻 = [ 𝑎 1 , 𝑎 2 , … 𝑎 𝑛 ] . (15)

n Eqs. (14) and (15) , the variable n stands for the number of nodes in

he support domain of the point of interest. Here, 𝒑 ( x ) and b are the

ector of polynomial basis functions and coefficients respectively, 

 

𝑻 ( x ) = [ 𝑝 1 ( x ) , 𝑝 2 ( x ) , … 𝑝 𝑚 ( x )] (16)

 

𝑻 = [ 𝑏 1 , 𝑏 2 , … 𝑏 𝑚 ] . (17)

n Eqs. (16) and (17) , the variable m stands for the number of terms of

olynomial basis. The coefficient vectors a and b can be obtained by
155 
olving the following algebraic equations 

 

 

 

 

𝑨 𝑷 𝒎 
𝑷 𝑻 
𝒎 

0 
⎤ ⎥ ⎥ ⎦ 
{ 

𝒂 

𝒃 

} 

= 

{ 

𝑼 

0 

} 

(18) 

here U is a vector of nodal values of function 𝑢 ℎ ( x ) and matrices A and

 m 

are, 

 = 

⎡ ⎢ ⎢ ⎣ 
𝑓 1 ( x 𝟏 ) ⋯ 𝑓 𝑛 ( x 𝟏 ) 

⋮ ⋱ ⋮ 
𝑓 1 ( x 𝒏 ) ⋯ 𝑓 𝑛 ( x 𝒏 ) 

⎤ ⎥ ⎥ ⎦ (19) 

 𝐦 

= 

⎡ ⎢ ⎢ ⎣ 
𝑝 1 ( x 𝟏 ) ⋯ 𝑝 𝑚 ( x 𝟏 ) 

⋮ ⋱ ⋮ 
𝑝 1 ( x 𝒏 ) ⋯ 𝑝 𝑚 ( x 𝒏 ) 

⎤ ⎥ ⎥ ⎦ . (20) 

rom Eq. (13) , interpolation of the nodal function values, U , at any point

f interest, x can be written as, 

 

ℎ ( x ) = [ 𝒇 𝑻 ( x ) 𝑺 𝒂 + 𝒑 𝑻 ( x ) 𝑺 𝒃 ] 𝑼 

= 𝑵( x ) 𝑼 (21) 

s a result, the meshfree CSRBF based shape function, 𝑵( x ) is given by,

( x ) = 𝒇 𝑻 ( x ) 𝑺 𝒂 + 𝒑 𝑻 ( x ) 𝑺 𝒃 (22) 

here 𝑺 𝒂 = 𝑨 

−𝟏 [1 − 𝑷 𝒎 𝑺 𝒃 ] and 𝑺 𝒃 = [ 𝑷 𝑻 
𝒎 
𝑨 

−𝟏 𝑷 𝒎 ] −1 𝑷 𝑻 𝒎 
𝑨 

−𝟏 . 

The polynomial basis functions of linear order are added to the radial

asis functions in order to ensure that the shape functions possess C 

1 

onsistency. The vector 𝒑 ( x ) given in Eq. (16) can be rewritten such that

 = 3 as, 

 

𝑻 ( x ) = [1 𝑥 𝑦 ] (23)

he discrete form of Eq. (10) can be written as a system of algebraic

quations as follows, 

 

𝑲 𝒖𝒖 + 𝑲 

𝒔 
𝒖𝒖 𝑲 𝒖𝝓 + 𝑲 

𝒔 

𝒖𝝓

𝑲 𝝓𝒖 + 𝑲 

𝒔 

𝝓𝒖 
𝑲 𝝓𝝓 + 𝑲 

𝒔 

𝝓𝝓

] [ 
𝒖 

𝝓

] 
= 

[ 

𝑭 𝒖 + 𝑭 𝒔 𝒖 
𝑭 𝝓 + 𝑭 𝒔 

𝝓

] 

(24) 

here K uu and 𝐾 

𝑠 
𝑢𝑢 

are the bulk and surface mechanical stiffness coeffi-

ients. K u 𝜙 and 𝐾 

𝑠 
𝑢𝜙

are the bulk and surface electro-mechanical stiffness

oefficients. K 𝜙𝜙 and 𝐾 

𝑠 
𝜙𝜙

are the bulk and surface electrical stiffness

oefficients. F u and F 𝜙 are the external bulk mechanical and electrical

oads. 𝐹 

𝑠 
𝑢 

and 𝐹 

𝑠 
𝜙

are the external loads due to residual surface stress and

esidual surface electric displacements respectively. 

𝑲 𝒖𝒖 = ∫Ω 𝑩 𝒖 
𝑇 𝐂 𝑩 𝒖 𝑑Ω + ∫Ω 𝑯 𝒖 

𝑇 𝒈 𝑯 𝒖 𝑑Ω

𝑲 𝒖𝝓 = ∫Ω 𝑩 𝒖 
𝑇 𝒆 𝑇 𝑩 𝝓𝑑Ω + ∫Ω 𝑯 𝒖 

𝑇 𝝁𝑇 𝑩 𝝓𝑑Ω = 𝑲 𝝓𝒖 
𝑇 

 𝝓𝝓 = − ∫Ω 𝑩 𝝓
𝑇 𝜿𝑩 𝝓𝑑Ω

𝑲 

𝒔 
𝒖𝒖 

= ∫Γ 𝑩 𝒖 
𝑇 𝑴 𝒑 

𝑇 𝑪 

𝒔 𝑴 𝒑 𝑩 𝒖 𝑑Γ

𝑲 

𝒔 

𝝓𝒖 
= ∫Γ 𝑩 𝝓

𝑇 𝑷 𝑇 𝒆 𝒔 𝑴 𝒑 𝑩 𝒖 𝑑Γ = 𝑲 

𝒔 

𝒖𝝓

𝑇 

 

𝒔 

𝝓𝝓
= − ∫Γ 𝑩 𝝓

𝑇 𝑷 𝑇 𝜿𝒔 𝑷 𝑩 𝝓𝑑Γ

𝑭 𝒔 
𝒖 
= ∫Γ 𝑩 𝒖 

𝑇 𝑴 𝒑 
𝑇 𝝉𝒔 𝑑Γ

𝑭 𝒔 
𝝓
= ∫Γ 𝑩 𝝓

𝑇 𝑷 𝑇 𝝎 

𝒔 𝑑Γ

𝑭 𝒖 = 𝜹𝒖 ∫Γ𝑢 

𝑵 

𝑇 𝒕 𝑑 Γ𝑢 + 𝜹𝒖 ∫Ω 𝑵 

𝑇 𝒃 𝑑Ω

𝑭 𝝓 = 𝜹𝝓∫Γ𝜙

𝑵 

𝑇 𝒒 𝑑 Γ𝜙 (25) 
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here C , e , 𝝁, 𝜿 and g are the matrix form of the tensors C ijkl , e ijk , 𝜇ijkl ,

ij and g ijklmn respectively and C 

s , e s , 𝝁s and 𝜿s are the matrix form of the

ensors 𝐶 

𝑠 
𝑖𝑗𝑘𝑙 

, 𝑒 𝑠 
𝑖𝑗𝑘 

, 𝜇𝑠 
𝑖𝑗𝑘𝑙 

, and 𝜅𝑠 
𝑖𝑗 

respectively. The gradient and Hessian

atrices in Eq. (25) are defined as follows, 

 𝒖 = 

⎡ ⎢ ⎢ ⎣ 
𝑁 𝐼,𝑥 0 
0 𝑁 𝐼,𝑦 

𝑁 𝐼,𝑦 𝑁 𝐼,𝑥 

⎤ ⎥ ⎥ ⎦ (26)

 𝝓 = − 

[ 
𝑁 𝐼,𝑥 

𝑁 𝐼,𝑦 

] 
(27)

 𝒖 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑁 𝐼,𝑥𝑥 0 
0 𝑁 𝐼,𝑦𝑥 

𝑁 𝐼,𝑦𝑥 𝑁 𝐼,𝑥𝑥 

𝑁 𝐼,𝑥𝑦 0 
0 𝑁 𝐼,𝑦𝑦 

𝑁 𝐼,𝑦𝑦 𝑁 𝐼,𝑥𝑦 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
(28)

here 𝐼 = 1 , 2 … .𝑛, n is the number of nodes in the support domain of

he point of interest and this number can be different for different points

f interest. The projection matrix is denoted as M P 

 𝑷 = 

⎛ ⎜ ⎜ ⎝ 
𝑃 2 11 𝑃 2 12 𝑃 11 𝑃 12 
𝑃 2 12 𝑃 2 22 𝑃 12 𝑃 22 
2 𝑃 11 𝑃 12 2 𝑃 12 𝑃 22 𝑃 2 12 + 𝑃 11 𝑃 22 

⎞ ⎟ ⎟ ⎠ (29)

here the entries of M P are from P , the tangential projection tensor

iven by 𝑰 − 𝐧 ⊗ 𝐧 . Here, I refers to identity matrix of rank 2 and n is

he outward normal vector to the surface, Γ. 

 = 

⎡ ⎢ ⎢ ⎣ 
𝐶 11 𝐶 12 0 
𝐶 12 𝐶 22 0 
0 0 𝐶 66 

⎤ ⎥ ⎥ ⎦ 
𝝁 = 

[ 
𝜇11 𝜇12 0 0 0 𝜇44 
0 0 𝜇44 𝜇12 𝜇11 0 

] 
𝒆 = 

[ 
0 0 𝑒 15 

𝑒 31 𝑒 33 0 

] 
𝜿 = 

[ 
𝜅11 0 
0 𝜅22 

] 
(30)

 = 𝑙 0 
2 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝐶 11 𝐶 12 0 0 0 0 
𝐶 12 𝐶 22 0 0 0 0 
0 0 𝐶 66 0 0 0 
0 0 0 𝐶 11 𝐶 12 0 
0 0 0 𝐶 12 𝐶 22 0 
0 0 0 0 0 𝐶 66 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
(31)

n Eq. (31) , the term l 0 is the length scale representing the size depen-

ency of strain gradient effects. The CSRBF based meshfree formulation

atisfies kronecker delta property which is advantageous compared to

ther meshfree approximants [19] that require additional degrees of

reedom or special techniques [32] to impose displacement boundary

onditions. 

. Mesh free formulation for flexoelectricity including geometric 

onlinearity 

In this section, the proposed meshfree formulation is extended to

andle geometric nonlinearities in flexoelectric structures considering

urface elasticity. The internal energy density in Eq. (1) can be written

ased on constitutive Eqs. (2) –(5) , as: 

 = 

1 
2 
�̂� ∶ 𝝐 + 

1 
2 
𝝉 ⋮ 𝜼 − 

1 
2 
𝑫 ⋅ 𝑬 + 

1 
2 
𝝈𝒔 ∶ 𝝐𝒔 (32)

here, �̂� = 

𝜕𝑈 𝑏 

𝜕 𝝐
, 𝝉 = 

𝜕𝑈 𝑏 

𝜕 𝜼
, 𝑫 = 

𝜕𝑈 𝑏 

𝜕 𝑬 
and 𝝈𝒔 = 

𝜕𝑈 𝑠 

𝜕 𝝐𝒔 

In order to derive a formulation for large deformation, the nonlinear

train terms need to included. The Green Lagrange strain tensor, G and

ts gradient tensor, �̃� are as follows: 
156 
 𝑖𝑗 = 

1 
2 
( 𝑢 𝑖,𝑗 + 𝑢 𝑗,𝑖 + 𝑢 𝑘,𝑖 𝑢 𝑘,𝑗 ) (33)

̃
 𝑖𝑗𝑘 = 

1 
2 
( 𝑢 𝑖,𝑗𝑘 + 𝑢 𝑗,𝑖𝑘 + 𝑢 𝑘,𝑖𝑗 𝑢 𝑘,𝑗 + 𝑢 𝑘,𝑖 𝑢 𝑘,𝑗𝑖 ) (34)

aint Venant-Kirchhoff material model is considered for flexoelectric

olids, the internal energy density given in Eq. (32) is modified as, 

 = 

1 
2 
𝑺 ∶ 𝑮 + 

1 
2 
�̃� ⋮ �̃� − 

1 
2 
𝑫 ⋅ 𝑬 + 

1 
2 
𝑺 

𝒔 ∶ 𝑮 

𝒔 (35)

here S is the second Piola-Kirchhoff tensor, �̃� is the double stress tensor

nd D is the electric displacement vector; S s is the second Piola-Kirchhoff

urface stress tensor; G is the Green Lagrange strain tensor and �̃� is the

radient of the Green Lagrange strain tensor; E is the electric field vector

nd G 

s is the Green Lagrange surface strain tensor. 

The total potential energy, Π is given by, 

= ∫Ω 𝑈𝑑Ω − ∫Γ𝑢 

𝒖 ⋅ 𝒕 𝑑Γ𝑢 − ∫Ω 𝒖 ⋅ 𝒃 𝑑Ω + ∫Γ𝜙

𝜙𝑞 𝑑Γ𝜙 (36)

here u and 𝜙 are mechanical displacement and electric potential re-

pectively. t is the surface traction on Γu , b is the prescribed body force

nd q is the surface charge density on Γ𝜙. Γu and Γ𝜙 are the Neumann

oundary for mechanical displacement and electric potential respec-

ively. 

The constitutive equations of the assumed Saint-Venant Kirchhoff

aterial model are as follows 

 = 𝑪 ∶ 𝑮 − 𝒆 ⋅ 𝑬 

̃
 = − 𝝁 ⋅ 𝑬 + 𝒈 ⋮ �̃� 

 = 𝒆 ∶ 𝑮 + 𝝁 ⋮ �̃� + 𝜿 ⋅ 𝑬 

(37) 

aking the first variation of the total potential energy in Eq. (36) yields, 

Π = ∫Ω 𝑺 ∶ 𝜹𝑮 𝑑Ω + ∫Ω �̃� ⋮ 𝜹�̃� 𝑑Ω − ∫Ω 𝑫 ⋅ 𝜹𝑬 𝑑Ω + ∫Γ 𝑺 

𝒔 ∶ 𝜹𝑮 

𝒔 𝑑Γ

− ∫Γ𝑢 

𝜹𝒖 ⋅ 𝒕 𝑑 Γ𝑢 − ∫Ω 𝜹𝒖 ⋅ 𝒃 𝑑 Ω + ∫Γ𝜙

𝛿𝝓 𝑞 𝑑Γ𝜙 = 0 (38) 

ach term in Eq. (38) has to be linearized. The final expression obtained

fter linearizing each term in Eq. (38) are subsequently presented. The

ntermediate steps are detailed in Appendix A . A total Lagrangian for-

ulation is presented such that all the integrals are performed on the

ndeformed configuration and derivatives are with respect to the mate-

ial coordinates. 

The linearization of the term ∫ΩS : 𝜹G d Ω in Eq. (38) can be obtained

s 

 

[ 
∫Ω 𝑺 ∶ 𝜹𝑮 𝑑Ω

] 
= ∫Ω �̄� ∶ 𝛿�̄� 𝑑Ω + ∫Ω Δ( 𝑺 ∶ 𝜹𝑮 ) 𝑑Ω (39)

Ω
Δ( 𝑺 ∶ 𝜹𝑮 ) 𝑑Ω = ∫Ω 𝑺 ∶ Δ( 𝜹𝑮 ) 𝑑Ω + ∫Ω 𝜹𝑮 ∶ Δ𝑺 𝑑Ω

= ∫Ω 𝑺 ∶ Δ( 𝜹𝑮) 𝑑Ω + ∫Ω 𝜹𝑮 ∶ 𝑪 ∶ Δ𝑮 𝑑Ω

− ∫Ω 𝜹𝑮 ∶ 𝒆 ⋅ Δ𝑬 𝑑Ω

= ∫Ω 𝑺 ∶ [(∇ 0 𝜹𝒖 ) 𝑇 (∇ 0 (Δ𝒖 ))] 𝑑Ω + ∫Ω 𝜹𝑮 ∶ 𝑪 ∶ Δ𝑮 𝑑Ω

− ∫Ω 𝜹𝑮 ∶ 𝒆 ⋅ Δ𝑬 𝑑Ω. (40) 

The linearization of the term ∫Ω �̃� ⋮ 𝜹�̃� 𝑑Ω in Eq. (38) can be derived

s follows, 

 

[ 
∫Ω �̃� ⋮ 𝜹�̃� 𝑑Ω

] 
= ∫Ω

̄̃
𝑺 ⋮ 𝜹 ̄̃

𝑮 𝑑Ω + ∫Ω Δ( ̃𝑺 ⋮ 𝜹�̃� ) 𝑑Ω (41)

Δ( ̃𝑺 ⋮ 𝜹�̃� ) 𝑑Ω = ∫ �̃� ⋮ Δ( 𝜹�̃� ) 𝑑Ω + ∫ 𝜹�̃� ⋮ Δ�̃� 𝑑Ω
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Fig. 1. The variation of ECF, k 2 with beam depth for a one dimensional beam 

model. 
= ∫Ω �̃� ⋮ Δ( 𝜹�̃� ) 𝑑Ω − ∫Ω 𝜹�̃� ⋮ 𝝁 ⋅ Δ𝑬 𝑑Ω

+ ∫Ω 𝜹�̃� ⋮ 𝒈 ⋮ Δ�̃� 𝑑Ω

= ∫Ω �̃� ⋮ [( 𝛁 

𝟐 
𝟎 𝜹𝒖 )( 𝛁 𝟎 Δ𝒖 ) + ( 𝛁 

𝟐 
𝟎 Δ𝒖 )( 𝛁 𝟎 𝜹𝒖 )] 𝑑Ω

− ∫Ω 𝜹�̃� ⋮ 𝝁 ⋅ Δ𝑬 𝑑Ω + ∫Ω 𝜹�̃� ⋮ 𝒈 ⋮ Δ�̃� 𝑑Ω (42) 

The linearization of the term ∫Ω 𝑫 ⋅ 𝜹𝑬 𝑑Ω in Eq. (38) is as follows, 

 

[ 
∫Ω 𝑫 ⋅ 𝜹𝑬 𝑑Ω

] 
= ∫Ω �̄� ⋅ 𝜹�̄� 𝑑Ω + ∫Ω Δ( 𝑫 ⋅ 𝜹𝑬 ) 𝑑Ω (43)

Ω
Δ( 𝑫 ⋅ 𝜹𝑬 ) 𝑑Ω = ∫Ω 𝑫 ⋅ Δ𝜹𝑬 𝑑Ω + ∫Ω Δ𝑫 ⋅ 𝜹𝑬 𝑑Ω

= ∫Ω 𝛿𝑬 ⋅ 𝝁 ⋮ Δ�̃� 𝑑Ω + ∫Ω 𝜹𝑬 ⋅ 𝒆 ∶ Δ𝑮 𝑑Ω

+ ∫Ω 𝜹𝑬 ⋅ 𝜿 ⋅ Δ𝑬 𝑑Ω (44) 

he linearization of the term ∫ ΓS s : 𝜹G 

s d Γ in Eq. (38) is as follows, 

 

[ 
∫Γ 𝑺 

𝒔 ∶ 𝜹𝑮 

𝒔 𝑑Γ
] 
= ∫Γ 𝑺 

𝒔 ∶ 𝛿𝑮 

𝒔 𝑑Γ + ∫Γ Δ( 𝑺 

𝒔 ∶ 𝜹𝑮 

𝒔 ) 𝑑Γ (45)

Γ
Δ( 𝑺 

𝒔 ∶ 𝜹𝑮 

𝒔 ) 𝑑Γ = ∫Γ 𝑺 

𝒔 ∶ Δ( 𝜹𝑮 

𝒔 ) 𝑑Γ + ∫Ω 𝜹𝑮 

𝒔 ∶ Δ𝑺 

𝒔 𝑑Γ

= ∫Γ 𝑺 

𝒔 ∶ Δ( 𝜹𝑮 

𝒔 ) 𝑑Γ + ∫Γ 𝜹𝑮 

𝒔 ∶ 𝑪 

𝒔 ∶ Δ𝑮 

𝒔 𝑑Γ

= ∫Ω 𝑺 

𝒔 ∶ 𝑷 ⋅ [(∇ 0 𝜹𝒖 ) 𝑇 (∇ 0 (Δ𝒖 ))] ⋅ 𝑷 𝑑Γ

+ ∫Γ 𝜹𝑮 

𝒔 ∶ 𝑪 ∶ Δ𝑮 

𝒔 𝑑Γ (46) 

he algebraic forms of Eqs. (39) , (41),(43) and (45) are as follows, 

 

[ 
∫Ω 𝑺 ∶ 𝜹𝑮 𝑑Ω

] 
= 𝜹𝒖 

( 

∫Ω 𝑩 

𝑻 �̂� 𝑑Ω
) 

+ 𝜹𝒖 

( 

∫Ω 𝑩 

𝑻 𝑪 𝑩 𝑑Ω
) 

𝚫𝒖 

+ 𝜹𝒖 

( 

∫Ω 𝑩 

𝑻 𝒆 𝑩 𝝓𝑑Ω
) 

𝚫𝝓 + 𝜹𝒖 

( 

∫Ω 𝑯 

𝑻 

𝟏 𝑹 𝑯 𝟏 𝑑Ω
) 

𝚫𝒖 

(47) 

 

[ 
∫Ω �̃� ⋮ 𝜹�̃� 𝑑Ω

] 
= 𝜹𝒖 

( 

∫Ω 𝑯 

𝑻 

𝑫 
�̂� 𝑫 𝑑Ω

) 

+ 𝜹𝒖 

( 

∫Ω 𝑯 

𝑻 

𝑫 
𝝁𝑻 𝑩 𝝓𝑑Ω

) 

𝚫𝝓

+ 𝜹𝒖 

( 

∫Ω 𝑯 

𝑻 

𝑫 
𝒈 𝑯 𝑫 𝑑Ω

) 

𝚫𝒖 

+ 𝜹𝒖 

( 

∫Ω 𝑯 

𝑻 

𝟏 𝑹 

𝑻 

𝑫 
𝑯 𝟐 𝑑Ω

) 

𝚫𝒖 

+ 𝜹𝒖 

( 

∫Ω 𝑯 

𝑻 

𝟐 𝑹 𝑫 𝑯 𝟏 𝑑Ω
) 

𝚫𝒖 (48) 

 

[ 
∫Ω 𝑫 ⋅ 𝜹𝑬 𝑑Ω

] 
= − 𝜹𝝓∫Ω 𝑩 𝝓

𝑇 �̂� 𝑑Ω − 𝜹𝝓

( 

∫Ω 𝑩 𝝓
𝑇 𝝁𝑯 𝒖 𝑑Ω

) 

𝚫𝒖 

− 𝜹𝝓

( 

∫Ω 𝑩 𝝓
𝑇 𝒆 𝑩 𝑑Ω

) 

𝚫𝒖 + 𝜹𝝓

( 

∫Ω 𝑩 

𝑻 

𝝓
𝜿𝑩 𝝓𝑑Ω

) 

𝚫𝝓

(49) 

 

[ 
∫Γ 𝑺 

𝒔 ∶ 𝜹𝑮 

𝒔 𝑑Γ
] 
= 𝜹𝒖 

( 

∫Γ 𝑩 

𝑻 𝑴 𝒑 
𝑇 �̂� 𝒔 𝑑Γ

) 

+ 𝜹𝒖 

( 

∫Γ 𝑩 

𝑻 𝑴 𝒑 
𝑇 𝑪 

𝒔 𝑴 𝒑 𝑩 𝑑Ω
) 

𝚫𝒖 

𝜹𝒖 

( 

∫Γ 𝑯 

𝑻 

𝟏 𝑷 
𝑻 
𝒏 
𝑹 𝒔 𝑷 𝒏 𝑯 𝟏 𝑑Γ

) 

𝚫𝒖 (50) 
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ll the matrices involved in Eqs. (47) , (48), (49), (50) are presented in

ppendix B . The final algebraic form of linearization of Eq. (38) can be

ritten as, 

 𝚫𝑼 = 𝑭 𝒆𝒙𝒕 − 𝑭 𝒊𝒏𝒕 (51) 

here, 

𝑲 = 

[ 
𝑲 𝒖𝒖 𝑲 𝒖𝝓

𝑲 𝝓𝒖 𝑲 𝝓𝝓

] 
𝑼 = 

[ 
𝚫𝒖 
𝚫𝝓

] 
(52) 

 𝒖𝒖 = ∫Ω 𝑩 

𝑻 𝑪 𝑩 𝑑Ω + ∫Ω 𝑯 

𝑻 

𝟏 𝑹 𝑯 𝟏 𝑑Ω

+ ∫Ω 𝑯 

𝑻 

𝟏 𝑹 

𝑻 

𝑫 
𝑯 𝟐 𝑑Ω + ∫Ω 𝑯 

𝑻 

𝟐 𝑹 𝑫 𝑯 𝟏 𝑑Ω + ∫Ω 𝑯 

𝑻 

𝑫 
𝒈 𝑯 𝑫 𝑑Ω

+ ∫Γ 𝑩 

𝑻 𝑴 𝒑 
𝑻 𝑪 

𝒔 𝑴 𝒑 𝑩 𝑑Γ + ∫Γ 𝑯 

𝑻 

𝟏 𝑷 𝒏 𝑹 𝒔 𝑷 𝒏 𝑯 𝟏 𝑑Γ (53) 

 𝒖𝝓 = ∫Ω 𝑩 

𝑻 𝒆 𝑻 𝑩 𝝓𝑑Ω + ∫Ω 𝑯 

𝑻 

𝑫 
𝝁𝑻 𝑩 𝝓𝑑Ω = 𝑲 𝝓𝒖 

𝑇 (54)

 𝝓𝝓 = − ∫Ω 𝑩 

𝑻 

𝝓
𝜿𝑩 𝝓𝑑Ω (55) 

 

𝒊𝒏𝒕 = 

[ 
𝑭 𝒖 
𝑭 𝝓

] 
𝑭 𝒖 = ∫Ω 𝑩 

𝑻 �̂� 𝑑Ω + ∫Ω 𝑯 

𝑻 

𝑫 
�̂� 𝑫 𝑑Ω + ∫Γ 𝑩 

𝑻 𝑴 𝒑 
𝑇 �̂� 𝒔 𝑑Γ

𝑭 𝝓 = ∫Ω 𝑩 𝝓
𝑇 �̂� 𝑑Ω (56) 

he nonlinear Eq. (51) is solved by using the Newton-Raphson itera-

ive scheme. Solving this equation, gives the deflection and voltage re-

ponses of flexoelectric structures that undergo large deformations. 

. Numerical examples 

In this section, the proposed meshfree formulation is utilised to anal-

se flexoelectric cantilever beams accounting for surface effects and also

o study the influence of geometric nonlinearity on their voltage output.

s an initial step, the meshfree formulation is validated by determining

he energy conversion factor (ECF) of a cantilever beam. The ECF is

iven by the ratio between stored electrical energy and mechanical en-

rgy in the flexoelectric structure. 
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Fig. 2. The Error norm of ECF for a one dimensional beam model. 
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.1. Validation: ECF 

A cantilever beam subjected to a mechanical point load at the free

nd is analysed in order to validate the proposed meshfree formulation.

he cantilever beam has an aspect ratio of 6. The Young’s modulus, Y is

ssumed to be 100 GPa. For validation, only the flexoelectric constant

12 and dielectric constant 𝜅22 are considered non-zero and they are as-

umed to be 10 nC / m and 1 nC / Vm respectively. The beam is discretized

y 121 × 21 nodes with uniform spacing and the background mesh for

umerical integration is 120 × 20. The variation of the energy conver-

ion factor (ECF) with decreasing depth of the 1D flexoelectric beam is
158 
hown in Fig. 1 . The figure shows good agreement between the numeri-

al and analytical k 2 values. The analytical energy conversion factor, k 2 

or a 1D model is given in [34] as, 

𝐶𝐹 

𝑎𝑛𝑙 = 𝑘 = 

√ 

12 
𝜅𝑌 

(
𝜇

𝑑 

)
2 (57)

he Fig. 2 shows the error in ECF (= |𝐸 𝐶𝐹 

𝑎𝑛𝑙 − 𝐸 𝐶𝐹 

𝑛𝑢𝑚 |) , which is the

ifference between numerically determined ECF using the CSRBF shape

unctions and the analytical ECF, with the average nodal spacing, h .

he convergence rate shown in Fig. 2 , is for CSRBF shape function with

hape parameter, 𝛼 of 1.5 and the number of Gauss points utilised for

umerical integration is 4 × 4 in each background cell. 

.2. Validation: tube model 

In order to further validate the proposed formulation, a flexoelectric

ube made of STO is analysed with plane strain assumption. The tube

ith an inner radius, r i of 10 μm and outer radius, r o of 20 μm is sub-

ected to a radial displacement of 0.045 μm and 0.05 μm at r i and r o 
espectively [23,24] . The tube is grounded along the inner face and a

oltage of 1 V is applied along the outer face. The nodal distribution of

he quarter model is as shown in Fig. 3 (a). The distribution of electric

otential obtained for a length scale, l 0 of 2 μm is shown in Fig. 3 (b). The

ariation of electric potential along the thickness of the tube is shown

n Fig. 3 (c). The analytical results for the flexoelectric tube model with

ssumed material parameters is derived by Mao et al. [23] . The results

resented in Fig. 3 (c) shows good agreement between the analytical and

umerical results. 

.3. Pure flexoelectricity 

A cantilever beam made of cubic STO is analysed in this section.

he material properties of STO is given in Table 1 . The bottom and top
Fig. 3. (a) Nodal distribution for the quarter 

tube model, (b) Electric potential distribution 

across the tube cross section, (c) The variation 

in output voltage along the radius of the tube. 
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Fig. 4. The potential distribution in a flexo- 

electric beam made of STO. 

Table 1 

Electromechanical properties of STO. 

Elastic Constants Dielectric constants Flexoelectric constants [33] 

C 11 = 310 GPa 𝜅11 = 2.66 𝐶∕( 𝐺𝑉 − 𝑚 ) 𝜇11 = −0 . 26 𝑛𝐶∕ 𝑚 
C 12 = 115 GPa 𝜅33 = 2.66 𝐶∕( 𝐺𝑉 − 𝑚 ) 𝜇12 = −3 . 74 𝑛𝐶∕ 𝑚 
C 22 = 310 GPa 𝜇44 = −3 . 56 𝑛𝐶∕ 𝑚 
C 66 = 54 GPa 

Fig. 5. The variation of ECF with depth of beam including and excluding strain 

gradient tensor, g . 
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Fig. 6. Output voltage for varying beam depths for internal length scales of 

0,5,10 and 20 nm. 

Table 2 

Material properties of bulk ZnO. 

Elastic Constants Piezoelectric constants Dielectric constants 

C 11 = 206 GPa 𝑒 31 = −0 . 58 𝐶∕ 𝑚 2 𝜅11 = 0.0811 𝐶∕( 𝐺𝑉 − 𝑚 ) 
C 12 = 117 GPa e 33 = 1.55 C / m 

2 𝜅33 = 0.112 𝐶∕( 𝐺𝑉 − 𝑚 ) 
C 22 = 211 GPa 𝑒 15 = −0 . 48 𝐶∕ 𝑚 2 

C 66 = 44.3 GPa 

Table 3 

Material properties of ZnO surface. 

Elastic Constants Piezoelectric constants 

𝐶 𝑠 11 = 44.2 N / m 𝑒 𝑠 31 = −0 . 216 𝑛𝐶∕ 𝑚 
𝐶 𝑠 12 = 14.2 N / m 𝑒 𝑠 33 = 0.451 nC / m 

𝐶 𝑠 22 = 35 N / m 𝑒 𝑠 15 = −0 . 253 𝑛𝐶∕ 𝑚 
𝐶 𝑠 66 = 11.7 N / m 
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ace of the beam are coated with electrodes. The bottom electrode is

rounded and the top electrode is free to have a potential value. 

The dimension of the beam is 1200 × 100 nm. The beam is subjected

o a point load of 20 nN at the free end. The length scale, l 0 of g tensor

s taken as 0 (i.e.) g is not considered in this analysis. The beam has an

lmost linear variation of potential along the beam depth as shown in

ig. 4 . The potential obtained at the top face is 34 mV. Now if we fix the

spect ratio to be 12, and reduce the beam depth for instance to 40 nm,

hen the potential at the top face is 85 mV. It can be seen from Fig. 6 that,

hen the length scale is increased from 0 to 10 nm, the output voltage of

he 100 nm beam reduces from 34 mV to 32 mV (6% reduction). While

or the same increase in length scale, the output voltage of the 40 nm

eam reduces from 85 mV to 71 mV (15% reduction). 

The change in energy conversion factor with depth of beam for an

spect ratio of 12, excluding and including g tensor is shown in Fig. 5 .

he energy conversion factor for 40 nm beam depth with and without

ncluding g tensor are 3.1e-5 and 2.4e-5 respectively for a length scale of

0 nm. The inclusion of strain gradient elasticity increases the stiffness

f the beam, reduces the voltage obtained and as a result reduces the

CFs. Note that the difference between the energy conversion factors

ith and without the g tensor increases with reduction in depth of the

eam. 

.4. Flexoelectricity and surface effects 

In this section, we analyse a Zinc Oxide nano cantilever beam. The in-

erplay between piezoelectric, surface elastic, surface piezoelectric and
159 
exoelectric effects is studied. Zinc Oxide is the ideal material for per-

orming this study because it is widely used in several nanoscale energy

arvesters [3,35] and studies on surface properties of Zinc Oxide [36] is

vailable. 

The cantilever ZnO beam is of length, 120 nm and width, 15 nm. A

oint load of 10 nN is applied in x-direction at the mid-point of the top

ace. The beam is fixed at the bottom and free at the top. The beam

s poled along the length (y-direction). The bottom end of the beam

s grounded. The elastic, piezoelectric, surface elastic and surface piezo-

lectric properties of ZnO are given in Tables 2 and 3 . The residual stress,
s and residual electric displacement, 𝝎 

s are not considered in the study.

he flexoelectric constant of ZnO, 𝜇11 , 𝜇12 and 𝜇44 are assumed to be 2

C/m, 2 nC/m and 0.5 nC/m respectively. 

The potential distribution across the beam width is shown in Fig. 7 .

he combination of bulk piezoelectricity and surface elastic effect results

n a potential of +1.18 V to -1.18 V at the top face. The combination of

ulk piezoelectricity and surface piezoelectric effect leads to a poten-

ial varying from +1.5 V to -1.5 V at the top face of the beam. Finally,

he combination of bulk piezoelectricity, bulk flexoelectricity, surface
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Fig. 7. The potential distribution in the ZnO beam considering (a) Flexoelec- 

tricity, piezoelectricity and surface effects, (b) Pure Flexoelectricity. 

Fig. 8. The variation of output voltage for ZnO beam with width for three cases, 

Piezoelectricity, Piezoelectricity+surface effects and Piezoelectricity+Surface 

effects+Flexoelectricity. 
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Fig. 9. The variation of ECF for ZnO beam with width for three cases, Piezo- 

electricity, Piezoelectricity+Surface effects and Piezoelectricity+Surface ef- 

fects+Flexoelectricity. 

Fig. 10. The influence of length scale l 0 on output voltage for ZnO beam of 

width 15nm, for three cases, Piezoelectricity, Piezoelectricity+surface effects 

and Piezoelectricity+Surface effects+Flexoelectricity. 
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c  
lasticity and surface piezoelectricity results in a potential of +1.7 V

o -1.7 V at the top face as shown in Fig. 7 (a). The variation of electric

otential considering only flexoelectric effect is +0.3 V to -0.3 V at the

op face ( Fig. 7 (b)). The relative influence of the different phenomenon

n the output voltage is shown in Fig. 8 . The contribution of flexoelec-

ric effect to output voltage is higher compared to the contribution of

urface effects and the difference in the contributions to output voltage

ncreases as the beam width decreases. For a 40 nm wide beam, the flex-

electric and surface effect contributions are 7% and 1% respectively.

hile for a width of 15 nm, the difference between the contributions is
160 
igher, the flexoelectric and surface effect contributions are 18% and

% respectively. 

The change in ECF with width of beam is shown in Fig. 9 . The pat-

ern is similar to the one obtained for output voltage. The ECF for pure

iezoelectricity and Piezo + Surface effects for 15 nm wide beam are

.0067 and 0.00728 respectively. While for the same beam width, the

CF considering Piezo + Surface effects + Flexoelectricity is 0.014. The

ercentage contribution of flexoelectricity and surface effects to the total

CF are 48% and 8% respectively. There is a discrepancy in the percent-

ge contribution of flexoelectricity to ECF and output voltage. This is be-

ause the potential due to flexoelectricity reaches its peak near the fixed

nd and reduces significantly along the length. So, though the flexoelec-

ric contribution to total ECF is 48%, the contribution of flexoelectricity

o total voltage measured at the top face (y = 120 nm) is only 18%. 

The length scale and in turn strain gradient elasticity is not consid-

red in this analysis. In order to understand the influence of length scale,

 0 on output voltage, the l 0 value is varied and voltage output consid-

ring different effects is studied. The present analysis shows that an in-

rease in length scale decreases the output piezoelectric voltage. Besides,
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Fig. 11. The Error norm of output voltage for a nano-sized flexoelectric beam 

considering geometric nonlinearity. 
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imilar to the previous analysis the surface effects and flexoelectricity

ncreases output voltage. Fig. 10 shows the variation of output voltage

ith length scale for three different cases, (a) piezoelectricity, (b) piezo-

lectricity with surface effects and (c) combination of piezoelectricity,

urface effects and flexoelectricity. 

.5. Flexoelectricity and surface effects: geometric nonlinearity 

In this section, the flexoelectric response in the nonlinear regime

s studied. The nonlinearity emerges due to large deformation of the

exoelectric cantilever beam. The flexoelectric beam is assumed to be

ade of STO, in addition to flexoelectricity, the surface elasticity of

TO is also considered. The material properties of STO are given in

able 1 . The surface elastic constants of STO are not available in liter-

ture and are assumed to be, 𝐶 

𝑠 
11 = 𝐶 

𝑠 
22 = 310 𝐺𝑃 𝑎, 𝐶 

𝑠 
12 = 115 𝐺𝑃 𝑎 and

 

𝑠 
66 = 54 𝐺𝑃 𝑎 . The beam is subjected to mechanical deformation by a

oint load of 10 nN at the free end. The load is applied in increments

f 1 nN. In each increment, the tangent stiffness matrix is determined

nd the Newton-Raphson method is adopted to minimize the residual.

wo different beams each of thickness 50 nm and 30 nm respectively are

nalysed. The aspect ratio of the beams is fixed as 12. The fixed end of

he cantilever is grounded. 

The variation of maximum output voltage with load steps is shown

n Fig. 12 . As shown in Fig. 12 (a), at the end of ten load steps the volt-

ge due to flexoelectricity and surface elasticity for 50 nm thick beam is

.8 mV. The ratio between nonlinear and linear voltage is 0.9 (i.e.) the

onlinear voltage deviates from the linear response by 10%. If surface
161 
ffects are not considered, then the final output voltage is 8.5 mV. In

ase of 30 nm thick beam, as shown in Fig. 12 (b), the final output flex-

electric voltage is 11 mV and 12 mV considering and ignoring surface

ffects respectively. 

The variation of free end deflection with load steps is shown in

ig. 13 . The free end deflection of 50 nm thick beam after ten load steps

s 68 nm ( Fig. 13 (a)). The ratio between nonlinear and linear deflection

or a load value of 10nN for 50 nm thick beam is 0.89 (i.e.) a deviation

f nonlinear displacement is 11% from linear displacement. In the ab-

ence of surface effects, the final output deflection of 50 nm thick beam

s 75 nm. For the case of 30 nm thick beam, as shown in Fig. 13 (b), the

nal deflection is 56 nm and 63.5 nm considering and ignoring surface

ffects respectively. From Figs. 12 and 13 , it is clear that the beam be-

omes stiffer in the presence of surface elasticity, which in turn leads

o reduction in output voltage. In case of 50 nm thick beam, due to sur-

ace elasticity the absolute value of final voltage reduces from 8.5 mV

o 7.8 mV. While for 30 nm thick beam, the voltage reduction is from

2 mV to 11 mV. The variation of energy conversion factor with load

teps is shown in Fig. 16 . The rate of increase in ECF with load steps is

igher for a 30 nm beam compared to the 50 nm beam (Aspect ratio =
2). It is to be noted that, in the absence of geometric nonlinearity, the

nergy conversion factor is a constant value and remains independent

f the applied loads, whereas the consideration of geometric nonlinear-

ty has led to change in ECF value with load increments. The contour

lot showing the normal strain in x-direction is given in Figs. 14 and

5 . Fig. 14 shows that at the first load step, the nonlinear strain terms

re negligible and the Green-Lagrange strain contour and linear strain

ontour are quite similar. While the strain contour at the 10th load step

iven in Fig. 15 shows that nonlinear terms play significant role in deter-

ining the Green-Lagrange strain. Consequently, the linear strain con-

our and Green Lagrange strain contours become dissimilar. The studies

erformed in this section show that the surface elasticity can reduce the

utput flexoelectric voltage. For instance, it is observed that in case of

 30 nm thick beam the reduction in the final voltage is 1 mV due to

urface elastic effects ( Fig. 12 ). 

In order to prove the convergence of the numerical method, we need

o determine the error by comparing numerical and analytical solution.

ue to lack of analytical solution, the output voltage obtained in a flex-

electric beam of length 1200 nm and height 100 nm for a background

ell distribution of 360X30 is taken as the actual solution. The error

n output voltage for different mesh sizes (coarse to fine) is plotted in

ig. 11 . Fig. 11 shows that the logarithm of error in output voltage de-

reases linearly and the rate of convergence is around 2. 

The intrinsic length scale has a negative impact on the flexoelectric

oltage. The Fig. 17 shows the reduction in output voltage with increase

n l 0 from 10 nm to 25 nm. The influence of different values of C 

s on

onlinear output voltage is shown in Fig. 18 . The absolute voltage drops

ith increase in the value of surface elastic constants. The voltage drops

ith increase in C 

s and rate of fall reduces as C 

s approaches C . The
Fig. 12. The variation in voltage with load in- 

crements for flexoelectric beam made of STO 

of depth (a) 50 nm and (b) 30 nm (Aspect 

ratio = 12). 
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Fig. 13. The load deflection curve for flexo- 

electric beam made of STO of depth (a) 50 nm 

and (b) 30 nm (Aspect ratio = 12). 

Fig. 14. The strain contour ( G 11 , 𝜀 11 , 𝜂11 ) for flexoelectric beam made of STO 

of depth 50 nm at load step 1 (a) Green Lagrange strain (b) Linear strain (c) 

Nonlinear part of strain. 

Fig. 15. The strain contour ( G 11 , 𝜀 11 , 𝜂11 ) for flexoelectric beam made of STO 

of depth 50 nm at load step 10 (a) Green Lagrange strain (b) Linear strain (c) 

Nonlinear part of strain. 
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Fig. 16. The variation in ECF with load increments for flexoelectric beam made 

of STO of depth 50 nm and 30 nm (Aspect ratio = 12). 

Fig. 17. The variation of output voltage with load step for different values of 

l 0 , for a 50 nm beam. 
ariation of output voltage with increase in C 

s is quadratic for 50 nm

eam and cubic for 30 nm beam. 

The surface elastic effects can increase with increase in the surface

rea of the beam. As we analyse a two-dimensional model with plane

train assumption, the length of top and bottom face of the beam can

e increased by modifying the rectangular beam into a tapered beam.

herefore it is worthwhile to study a tapered beam model with inclined
162 



X. Zhuang, S.S. Nanthakumar and T. Rabczuk Engineering Analysis with Boundary Elements 120 (2020) 153–165 

Fig. 18. The variation of output voltage at the 

tenth load step for different values of C s , 𝐶 

𝑠 = 
𝑚 × 𝐶, (a) 50 nm beam (b) 30 nm beam. 

Fig. 19. Tapered flexoelectric beam model. 
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op and bottom faces and compare their response with the rectangular

eams studied previously ( Fig. 19 ). 

Considering an average thickness of 30 nm, a tapered cantilever

eam, TB 1 , of length 360 nm and of depth, d l = 40 nm at x = 0, d r = 20 nm

t x = 360 nm is subjected to a load increment of 1 nN over ten load steps.

t the tenth load step, the output flexoelectric voltage in TB 1 reduces

rom 15 mV to 13 mV due to surface elastic effects as shown in Fig. 20 (a).

econdly, a tapered cantilever beam TB 2 of length 360 nm and of depth,

 l = 45 nm at x = 0, d r = 15 nm at x = 360 nm is considered. The final volt-

ge reduces from 12 mV to 10.4 mV as shown in Fig. 20 (b). In both the

apered beams TB 1 and TB 2 with average thickness of 30 nm, the volt-

ge reduces by 13.3% due to surface elastic effects. This is higher than

he reduction of 8.5% (from 11.8 mV to 10.8 mV) in 30 nm thick rect-

ngular beam. Therefore, as expected the influence of surface effects

ncreases with increase in surface area of the beam and the negative in-
163 
uence on flexoelectric voltage is higher for a tapered beam compared

o a rectangular beam of same volume. 

In summary, the results obtained in this section show that consid-

ring nonlinear terms in strain and gradient of strain, is more essential

s the influence of flexoelectricity on output voltage gets significant in

anoscale. We conclude that the geometric nonlinearity cannot be ig-

ored if one analyses flexoelectric beams of dimensions of under 100

anometers when subjected to loads in the range of 10 nNs. It is to be

oted that the flexoelectric material, STO used in this example has a

esser flexoelectric constant of only 1.4 V, while flexoelectric constant

f a dielectric material can even be upto 10 V based on the theoretical

pper limit estimated by Kogan et al. [8] . 

. Conclusion 

A CSRBF based meshfree formulation is presented in this paper to

andle geometric nonlinearity in flexoelectric structures. In addition to

exoelectricity, the surface effects are also considered in the analysis

f nano-sized two dimensional structures. Flexoelectric beams made of

ubic STO, which is non-piezoelectric and ZnO, which is piezoelectric

re analysed. The meshfree analysis shows that for ZnO, the contribu-

ion of surface effects to the output voltage of a nanosized cantilever

tructure (of width 15 nm) is smaller compared to the contribution of

exoelectricity. 

The analysis of flexoelectric nanostructures undergoing large defor-

ation shows that the difference between nonlinear and linear flexo-

lectric voltage increases with reduction in beam depth. The surface

lastic effects stiffen the beam leading to reduction in output flexoelec-

ric voltage. The influence of surface elasticity is higher in tapered beams

ompared to rectangular beams. In future, the presented formulation

ill be extended to study nonlinear flexoelectricity under dynamic ex-
Fig. 20. The variation in voltage with load in- 

crements for flexoelectric tapered beam made 

of STO of type (a) TB 1 and (b) TB 2 . 
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he nonlinear formulation for flexoelectric nanoplates [37,38] will also
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ppendix A. Intermediate Steps in the derivation of nonlinear 

eshfree formulation for flexoelectricity 

The terms G , 𝜹G , 𝚫𝜹G and 𝚫S in Eq. (39) are as follows, 

 = 

1 
2 
( 𝑢 𝑖,𝑗 + 𝑢 𝑗,𝑖 + 𝑢 𝑘,𝑖 𝑢 𝑘,𝑗 ) (A.1)

𝑮 = 

1 
2 
( 𝛿𝑢 𝑖,𝑗 + 𝛿𝑢 𝑗,𝑖 + 𝛿𝑢 𝑘,𝑖 𝑢 𝑘,𝑗 + 𝑢 𝑘,𝑖 𝛿𝑢 𝑘,𝑗 ) (A.2)

𝜹𝑮 = 

1 
2 
( 𝛿𝑢 𝑘,𝑖 Δ𝑢 𝑘,𝑗 + Δ𝑢 𝑘,𝑖 𝛿𝑢 𝑘,𝑗 ) 

= 𝛿𝑢 𝑘,𝑖 Δ𝑢 𝑘,𝑗 (A.3) 

𝑺 = 𝑪 ∶ 𝑮 − 𝒆 ⋅ 𝑬 

𝑺 = 𝑪 ∶ Δ𝑮 − 𝒆 ⋅ Δ𝑬 (A.4) 

he terms �̃� , 𝜹�̃� , Δ𝜹�̃� and �̃� in Eq. (41) are as follows, 

�̃� = 

1 
2 
( 𝑢 𝑖,𝑗𝑘 + 𝑢 𝑗,𝑖𝑘 + 𝑢 𝑘,𝑖𝑗 𝑢 𝑘,𝑗 + 𝑢 𝑘,𝑖 𝑢 𝑘,𝑗𝑖 ) 

𝜹�̃� = 

1 
2 
( 𝛿𝑢 𝑖,𝑗𝑘 + 𝛿𝑢 𝑗,𝑖𝑘 + 𝛿𝑢 𝑘,𝑖𝑗 𝑢 𝑘,𝑗 + 𝑢 𝑘,𝑖𝑗 𝛿𝑢 𝑘,𝑗 + 𝛿𝑢 𝑘,𝑖 𝑢 𝑘,𝑗𝑖 + 𝑢 𝑘,𝑖 𝛿𝑢 𝑘,𝑗𝑖 ) 

𝜹�̃� = 

1 
2 
( 𝛿𝑢 𝑘,𝑖𝑗 Δ𝑢 𝑘,𝑗 + Δ𝑢 𝑘,𝑖𝑗 𝛿𝑢 𝑘,𝑗 + 𝛿𝑢 𝑘,𝑖 Δ𝑢 𝑘,𝑗𝑖 + Δ𝑢 𝑘,𝑖 𝛿𝑢 𝑘,𝑗𝑖 ) 

= 𝛿𝑢 𝑘,𝑖𝑗 Δ𝑢 𝑘,𝑗 + Δ𝑢 𝑘,𝑖𝑗 𝛿𝑢 𝑘,𝑗 

�̃� = − 𝝁 ⋅ 𝑬 (A.5) 

he terms ΔD , 𝜹E and Δ𝜹E in Eq. (43) are as follows, 

𝑫 = 𝒆 ∶ 𝑮 + 𝝁 ⋮ �̃� + 𝜿 ⋅ 𝑬 

Δ𝑫 = 𝒆 ∶ Δ𝑮 + 𝝁 ⋮ Δ�̃� + 𝜿 ⋅ Δ𝑬 

𝐸 𝑖 = − 𝜙,𝑖 

𝛿𝐸 𝑖 = − 𝛿𝜙,𝑖 

𝛿𝐸 𝑖 = 0 (A.6) 

he terms G 

s , 𝜹G 

s , Δ𝜹G 

s and ΔS s in Eq. (45) are as follows, 

 

𝒔 = 

1 
2 

𝑃 𝑖𝑗 ( 𝑢 𝑖,𝑗 + 𝑢 𝑗,𝑖 + 𝑢 𝑘,𝑖 𝑢 𝑘,𝑗 ) 𝑃 𝑗𝑖 (A.7)

𝑮 

𝒔 = 

1 
2 

𝑃 𝑖𝑗 ( 𝛿𝑢 𝑖,𝑗 + 𝛿𝑢 𝑗,𝑖 + 𝛿𝑢 𝑘,𝑖 𝑢 𝑘,𝑗 + 𝑢 𝑘,𝑖 𝛿𝑢 𝑘,𝑗 ) 𝑃 𝑗𝑖 (A.8)

𝜹𝑮 

𝒔 = 

1 
2 

𝑃 𝑗𝑖 ( 𝛿𝑢 𝑘,𝑖 Δ𝑢 𝑘,𝑗 + Δ𝑢 𝑘,𝑖 𝛿𝑢 𝑘,𝑗 ) 𝑃 𝑗𝑖 
= 𝑃 𝑗𝑖 𝛿𝑢 𝑘,𝑖 Δ𝑢 𝑘,𝑗 𝑃 𝑗𝑖 (A.9) 

𝑺 

𝒔 = 𝑪 

𝒔 ∶ 𝑮 

𝒔 

𝑺 

𝒔 = 𝑪 

𝒔 ∶ Δ𝑮 

𝒔 (A.10)
164 
ppendix B. Matrices - nonlinear meshfree formulation for 

exoelectricity 

The expressions defining the matrices B , B 𝝓, H 1 , H 2 , H u , H D , �̂� , R ,

̂
 𝑫 , R D , �̂� , R s , �̂� 𝒔 and P n are as follows, 

 = 

⎡ ⎢ ⎢ ⎣ 
𝑁 𝐼,𝑥 0 
0 𝑁 𝐼,𝑦 

𝑁 𝐼,𝑦 𝑁 𝐼,𝑥 

⎤ ⎥ ⎥ ⎦ + 𝑨 𝑯 𝟏 (B.1) 

 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
𝜕𝑢 𝐼𝑥 

𝜕𝑥 
0 𝜕𝑢 𝐼𝑦 

𝜕𝑥 
0 

0 𝜕𝑢 𝐼𝑥 

𝜕𝑦 
0 𝜕𝑢 𝐼𝑦 

𝜕𝑦 
𝜕𝑢 𝐼𝑥 

𝜕𝑦 

𝜕𝑢 𝐼𝑥 

𝜕𝑥 

𝜕𝑢 𝐼𝑦 

𝜕𝑦 

𝜕𝑢 𝐼𝑦 

𝜕𝑥 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
(B.2) 

 𝟏 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
𝑁 𝐼,𝑥 0 
𝑁 𝐼,𝑦 0 
0 𝑁 𝐼,𝑥 

0 𝑁 𝐼,𝑦 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
(B.3) 

 𝝓 = 

[ 
𝑁 𝐼,𝑥 

𝑁 𝐼,𝑦 

] 
(B.4)

 𝑫 = 𝑯 𝒖 + 𝑨 𝑫 𝑯 𝟐 (B.5)

 𝐃 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝜕𝑢 Ix 

𝜕𝑥 
0 0 0 

𝜕𝑢 Iy 

𝜕𝑥 
0 0 0 

0 𝜕𝑢 Ix 

𝜕𝑥 
0 0 0 

𝜕𝑢 Iy 

𝜕𝑥 
0 0 

0 0 𝜕𝑢 Ix 

𝜕𝑦 
0 0 0 

𝜕𝑢 Iy 

𝜕𝑦 
0 

0 0 0 𝜕𝑢 Ix 

𝜕𝑦 
0 0 0 

𝜕𝑢 Iy 

𝜕𝑦 
𝜕𝑢 Ix 

𝜕𝑦 
0 𝜕𝑢 Ix 

𝜕𝑥 
0 

𝜕𝑢 Iy 

𝜕𝑦 

𝜕𝑢 Iy 

𝜕𝑥 
0 

0 𝜕𝑢 Ix 

𝜕𝑦 
0 𝜕𝑢 Ix 

𝜕𝑥 
0 

𝜕𝑢 Iy 

𝜕𝑦 
0 

𝜕𝑢 Iy 

𝜕𝑥 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

(B.6)

 𝟐 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑁 𝐼,𝑥𝑥 0 
𝑁 𝐼,𝑥𝑦 0 
𝑁 𝐼,𝑦𝑥 0 
𝑁 𝐼,𝑦𝑦 0 
0 𝑁 𝐼,𝑥𝑥 

0 𝑁 𝐼,𝑥𝑦 

0 𝑁 𝐼,𝑦𝑥 

0 𝑁 𝐼,𝑦𝑦 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
(B.7) 

 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
𝑆 11 𝑆 12 0 0 
𝑆 12 𝑆 22 0 0 
0 0 𝑆 11 𝑆 12 
0 0 𝑆 12 𝑆 22 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
(B.8) 

̂
 = 

[
𝑆 11 𝑆 22 𝑆 12 

]
𝑇 (B.9) 

 𝑫 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑆 111 𝑆 121 0 0 
𝑆 122 𝑆 212 0 0 
𝑆 121 𝑆 122 0 0 
𝑆 212 𝑆 222 0 0 
0 0 𝑆 111 𝑆 121 
0 0 𝑆 211 𝑆 212 
0 0 𝑆 121 𝑆 122 
0 0 𝑆 212 𝑆 222 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
(B.10) 

̂
 𝑫 = 

[
𝑆 111 𝑆 211 𝑆 122 𝑆 222 𝑆 121 𝑆 212 

]
𝑇 (B.11) 

̂
 = 

[ 
𝐷 1 
𝐷 2 

] 
(B.12)

̂
 𝒔 = 

[
𝜏𝑠 
11 + 𝑆 

𝑠 
11 𝜏𝑠 

22 + 𝑆 

𝑠 
22 𝜏𝑠 

12 + 𝑆 

𝑠 
12 
]
𝑇 (B.13)

https://doi.org/10.13039/501100007601
https://doi.org/10.13039/501100001809
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 𝒔 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
𝜏𝑠 
11 + 𝑆 

𝑠 
11 𝜏𝑠 

12 + 𝑆 

𝑠 
12 0 0 

𝜏𝑠 
12 + 𝑆 

𝑠 
12 𝜏𝑠 

22 + 𝑆 

𝑠 
22 0 0 

0 0 𝜏𝑠 
11 + 𝑆 

𝑠 
11 𝜏𝑠 

12 + 𝑆 

𝑠 
12 

0 0 𝜏𝑠 
12 + 𝑆 

𝑠 
12 𝜏𝑠 

22 + 𝑆 

𝑠 
22 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
(B.14) 

 𝒏 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
𝑃 11 𝑃 12 0 0 
𝑃 21 𝑃 22 0 0 
0 0 𝑃 11 𝑃 12 
0 0 𝑃 21 𝑃 22 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
(B.15) 
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